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 Abstract: Wavelet transform is an important analytical tool because it captures localized information of a signal 

or image. Multiresolution analysis is a recursive method which provides flexibility in the analysis of signals/data. 

The selection of wavelet for wavelet transforms in image processing is primary and most important work because 

it decides the accuracy of results. In wavelet transforms the image is divided into four sub-bands after one level 

decomposition in which the left upper part represents the approximated version of image and contains coarse 

information of the image. The total size or length of all vectors in a vector space or matrix is referred to as the 

norm. The  𝐿1 𝑎𝑛𝑑 𝐿2-norms of the given image represent compactness of the energy and hence provide a base 

for the selection of best adaptive wavelet. 
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1. Introduction 

Fourier transforms is an important analytical tool and widely used in science and engineering for long times. It is 

well suitable for stationary signals but not suitable for non-stationary and transient signals. Non-stationary is taken 

as combination of small stationary signals and analysed with help of Window Fourier transforms (WFT) or short 

time Fourier transforms (STFT). In STFT signal is multiplied by a small sized window function and its size is 

restricted by Heisenberg uncertainty principle. Its time and frequency resolution both are not good at the same 

time. To overcome the discrepancies of resolution of STFT, the wavelet theory is proposed in 1980s [1]. Wavelet 

is a new and favourable tool used to analyse the signals especially nonstationary and transient signals. A wavelet 

is a fast-decaying oscillatory waveform which can be translated and dilated. With help of wavelet a signal or 

mathematical function can be divided into different scale components [2]. A wavelet is an oscillating function or 

small wave of zero average and well localized over a short time interval. The family of wavelets is a set of wavelet 

functions that can be obtained by translating (shifting) and dilating (stretching or compressing) an original 

function called mother wavelet. Wavelets are used to encode the data, looking for heart abnormalities, in 

computing, imaging and animation, predicting the weather etc. [3]. Wavelet transform is related to harmonic 

analysis because of their time-frequency representation for analogue and discrete signals. In wavelet transforms 

the scaling and wavelet coefficients are called filter banks [4]. 

Selection of adaptive wavelet is the primary and most important work in the field of signal processing using 

wavelet transforms. We have proposed a technique for selecting the wavelet which is best adaptive for the wavelet 

transforms in the image processing.  

2. Basics of wavelet transforms 

Wavelet is a small wave of zero average, which can be dilated and translated. A whole set of wavelets can be 

obtained by translating and scaling the mother wavelet as follows: - 

                                                         𝜓𝑎,𝑏(𝑥) =
1

√𝑎
𝜓 (

𝑥−𝑏

𝑎
) = 𝑇𝑏𝐷𝑎𝜓                                            (1) 

Here 𝑎 and 𝑏 are the dilation and translation parameters respectively. 

       Continuous wavelet transform of any function provides high amount of information about this function and 

can be expressed in terms of two parameters 𝑎 and 𝑏 as follows: - 
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                                                                𝑊𝑎,𝑏 = ∫ 𝑓(𝑥)
1

√𝑎
𝜙 (

𝑥−𝑏

𝑎
)  𝑑𝑥  

                                                                          = ∫ 𝑓(𝑥) 𝜙𝑎,𝑏(𝑥)𝑑𝑥                                      (2) 

By introducing 𝑎 = 2−𝑗, and 
𝑏

𝑎
= 𝑘 where 𝑗 and 𝑘  are integers, the discrete wavelet transform is expressed as 

follows [5]: -  

                                                                    𝑊𝑗,𝑘 = ∫ 𝑓(𝑥)2𝑗 2⁄  𝜙(2𝑗𝑥  – 𝑘)  𝑑𝑥                           (3) 

The multiresolution analysis (MRA) is a new, flexible and recursive method of discrete wavelet transforms which 

is frequently used to analyse the signals. Mallat introduced the idea of MRA consisting of a closed vector subspace 

𝑉𝑗 , 𝑗 ∈ ℤ of square integrable function called Lebesgue space 𝐿2(ℝ) [6-7]. The Lebesgue space satisfies the 

following properties: - 

1) 𝑉𝑗+1⊂ 𝑉𝑗:𝑗 ∈  ℤ                                                                                                 

2) ∩𝑗∈ℤ 𝑉𝑗 = {0}, ∪𝑗∈ℤ=   𝐿2(ℝ)                                                                         

3)  𝑓 (𝑥)  ∈  𝑉𝑗  ⇒ 𝑓 (2𝑥)  ∈  𝑉𝑗+1, ∀  𝑗 ∈  ℤ                                                                     

4)  If a function 𝜙(𝑥)  ∈  𝑉0, then {𝜙(2𝑥 − 𝑘): 𝑘 ∈ ℤ} is orthonormal basis of 𝑉0.                                                                                                       

Here the function 𝜙 (𝑥) is known as a scaling function of given MRA and can be expressed by a dilation equation 

as follows [8]: - 

                                                               𝜙(𝑥) = ∑ 𝛼𝑘𝑘∈ℤ 𝜙(2𝑥 − 𝑘)                                                  (4) 

where 𝛼𝑘 is called a low pass filter and described as follows: -                                                   

                                                                    𝛼𝑘  = (
1

√2
) ∫ 𝜙(𝑥)𝜙(2𝑥 − 𝑘)𝑑𝑥

∞

−∞
                              (5) 

If  𝜓 ∈ W0 be any function then, 

                                                                  𝜓(𝑥) = ∑ 𝛽𝑘  𝑘∈𝑍 𝜙(2𝑥 − 𝑘)                                            (6) 

Where, 𝛽𝑘  =(−1)𝑘+1 𝛼1−𝑘  is high pass filter. 

Any signal in vector space 𝑉0 can be expressed in terms of bases of subspaces 𝑉1 and 𝑊1. Therefore, we can 

express space 𝑉0 in terms of subspaces  𝑉1 and 𝑊1 as follows: - 

                                                                             𝑉0 = 𝑉1 ⊕ 𝑊1 

In general, 

                                                                                                                       𝑉𝑗 = 𝑉𝑗+1⊕𝑊𝑗+1 

But,                                                                    𝑉𝑗+1 = 𝑉𝑗+2⊕𝑊𝑗+2 

Therefore, 

                                                                                                                        𝑉𝑗 = Wj+1⊕Wj+2⊕Vj+2 

  . .        . . . .                . .                                          

                                                                                                                      𝑉𝑗 = 𝑊𝑗+1⊕𝑊𝑗+2⊕𝑊𝑗+3⊕............𝑊𝑗0
⊕𝑉𝑗0

              

 Any integrable function 𝑓, has the series expansion, 

                                  𝑓(𝑥) =  ∑ 〈𝑓,   𝜙̃𝑗0,𝑘〉 𝜙𝑗0,𝑘(𝑥)  +   ∑ ∑  〈𝑓,   𝜓̃𝑝,𝑘〉𝑘∈ℤ
𝑗0
𝑝=𝑗+1  𝑘∈ℤ  𝜓𝑝,𝑘(𝑥)             

Similarly, the roles of the basis and the dual basis can be interchanged [9]. Here,  ∑  〈𝑓, 𝜙̃𝑗0,𝑘〉 𝜙𝑗0,𝑘(𝑥)𝑘∈ℤ  is a 

coarse scale 𝑉𝑗0
 – approximation of 𝑓 and for every 𝑝, the sum ∑ 〈𝑓, 𝜓̃𝑝,𝑘〉 𝑘∈ℤ 𝜓𝑝,𝑘(𝑥), adds the detail in spaces 

𝑊𝑝. 
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3. Image wavelet transforms 

A digitization is a process by which any analogue image in continuous space can be converted into a digital image 

in discrete space through sample process. Let us consider that an analogue image can be divided into M rows and 

N columns. The value can be assigned to the integer coordinates [𝑚, 𝑛] like {m = 0, 1, 2, . . ., M −1} and {n = 0, 

1, 2, . . ., N − 1}. In image wavelet transforms, the scaling and wavelet function are described as two variable 

functions 𝜙(𝑥, 𝑦) and 𝜓(𝑥, 𝑦) [10]. The image scaling and wavelet functions are easily expressed in terms of 1D 

functions as follows: - 

𝜙(𝑥, 𝑦) = 𝜙(𝑥)𝜙(𝑦) 

 𝜓1(𝑥, 𝑦) = 𝜓(𝑥)𝜙(𝑦) 

                                                                     𝜓2(𝑥, 𝑦) = 𝜙(𝑥)𝜓(𝑦) 

                                                                     𝜓3(𝑥, 𝑦) = 𝜓(𝑥)𝜓(𝑦) 

Obviously the 2D (Image) functions are described as the superposition of 1D scaling and wavelet functions. The 

2D approximation and detail coefficients are determined as follows: - 

                                                          𝑎[𝑗0, 𝑚, 𝑛] =  
1

√𝑀𝑁
∑ ∑ 𝑓(𝑥, 𝑦) 𝜙𝑗0,𝑚,𝑛(𝑥, 𝑦)𝑁−1

𝑦=0
𝑀−1
𝑥=0  

                                                           𝑑𝑖(𝑗, 𝑚, 𝑛) =   
1

√𝑀𝑁
∑ ∑ 𝑓(𝑥, 𝑦) 𝜓𝑗,𝑚,𝑛

𝑖  (𝑥, 𝑦)𝑁−1
𝑦=0

𝑀−1
𝑥=0   where 𝑖 = {1,2,3} 

                   𝑓(𝑥, 𝑦) =
1

√𝑀𝑁
∑ ∑ 𝑎[𝑗0, 𝑚, 𝑛] 𝜙𝑗0,𝑚,𝑛(𝑥, 𝑦)𝑛𝑚  

+
1

√𝑀𝑁
∑ ∑ ∑ ∑ 𝑑𝑖

𝑛𝑚 (𝑝, 𝑚, 𝑛) 𝜓𝑝,𝑚,𝑛
𝑖  (𝑥, 𝑦)𝑗0

𝑝=𝑗+1𝑖=1,2,3      

In 2D-wavelet transforms of an image, the scaling and wavelet functions can be expressed as follows: -  

                                                      𝜙𝑗,𝑚,𝑛(𝑥, 𝑦) = 2𝑗 2⁄ 𝜙(2𝑗𝑥 − 𝑚, 2𝑗𝑦 − 𝑛) 

                                                     𝜓𝑖
𝑗,𝑚,𝑛

(𝑥, 𝑦) = 2𝑗 2⁄ 𝜓𝑖(2𝑗𝑥 − 𝑚, 2𝑗𝑦 − 𝑛) 

for 1 ≤ 𝑖 ≤ 3. The wavelet functions {𝜓1
𝑗,𝑚,𝑛

, 𝜓2
𝑗,𝑚,𝑛

𝜓3
𝑗,𝑚,𝑛

} form an orthonormal basis of the subspace of details 

and described as follows: -  

                                                                  𝑊𝑗
2 = (𝑉𝑗 ⊗ 𝑊𝑗)(𝑊𝑗 ⊗ 𝑉𝑗) ⊕ ((𝑊𝑗 ⊗ 𝑊𝑗)  

at scale 𝑗. The Lebesgue space 𝐿2(ℝ2) can be expressed as follows: - 

                                                         𝐿2(ℝ2) = ∑ 𝑊𝑗
2 𝑗  

The 2D wavelet transform is considered as superposition of two 1D wavelet transforms along X and Y-dimension 

[11].  In image processing, an image is passed through these filter banks followed by a decimation process. Due 

to the decimation, the total size of the transformed image is conserved and equal to that of the original image. In 

image wavelet transforms, the original image is divided into four sub-bands denoted by 𝐿𝐿1, 𝐻𝐿1, 𝐿𝐻1, and 𝐻𝐻1 

in each level of decomposition (Figure 1).  

 

Figure 1: Decomposition of an image (level-1) 

Here all 𝐿𝐿1, 𝐻𝐿1, 𝐿𝐻1 and 𝐻𝐻1 are each belongs to 𝑀⁄2 × 𝑁⁄2 submatrices. The approximation 𝐿𝐿1 contains 

scaling coefficients occupies the upper left quadrant out of four in the 2D wavelet decomposition. The 𝐿𝐿1 

represents the trend of image and has great importance because it contains the average characteristics of the image. 
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The wavelet and statistical analysis of sub-image corresponding to trend 𝐿𝐿1 of original image (face expression) 

are being done and interpreted.  

4. Research methodology  

We have selected an image of a girl as sample image. The image wavelet transforms using different wavelets at 

level 1 are performed. The subband 𝐿𝐿1 represents approximation of the image at level 1. This approximated 

version of the image is analysed.  

Norm is a function that is used to measure the size of a vector. Norms of a vector x is given by: -      

                                                     ‖𝑥‖𝑝 = (∑ |𝑥𝑖|
𝑝

𝑖 )1/𝑝                                                 

1) It is called 𝐿1 norm when 𝑝 = 1, 

2) It is called 𝐿2 norm when 𝑝 = 2 

3) It is called Max norm when 𝑝 =  ∞ 

The 𝐿1-norm also known as Manhattan distance is the sum of the magnitudes of the vectors in space. The 𝐿1 norm 

of a signal  𝑢 ∈ 𝐿1 denoted by ‖𝑢‖1 is determined as follows: - 

                                                                       ‖𝑢‖1  =∫ |𝑢(𝑡)| 𝑑𝑡 
∞

0
       

The 𝐿2 norm of a signal 𝑢 ∈ 𝐿2, denoted as ‖𝑢‖2  is determined as follows: - 

                                                                       ‖𝑢‖2=∫ (𝑢(𝑡)2)1 2⁄  𝑑𝑡 
∞

0
         

The 𝐿2-norm is the square root of sum of the squares of magnitudes of the vectors in space. It represents the 

compactness of total energy contained in a signal.  

5.  Results and Discussion 

We have selected an image of a girl as sample image (Figure 2).  

 

Figure 2: Sample image and its wavelet decomposition 

The analysis of approximated version of the given image using different wavelets by software MATLAB, are 

shown in figures 3, 4, 5, 6 and 7. 

 

Figure 3: Approximation using Haar wavelet 

 

Figure 4: Approximation using symlet wavelet 
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Figure 5: Approximation using coiflet wavelet 

 

Figure 6: Approximation using biorthogonal wavelet 

 

Figure 7: Approximation using discrete meyer wavelet 

The 𝐿1 𝑎𝑛𝑑 𝐿2-norms of approximated version of given image using different wavelets are enlisted in table 1. 

Table 1: 𝑳𝟏 𝒂𝒏𝒅 𝑳𝟐-norms using different wavelets 

S. No. Wavelet 𝐿1-norm 𝐿2-norm 

1 Haar 9.707 x106 4.814 x104 

2 Sym-2 9.797 x106 4.860 x104 

3 Coif 9.825 x106 4.873 x104 

4 Bior-1.1 9.707 x106 4.814 x104 

5 Dmey 1.090 x107 5.407 x104 

The value of  𝐿1 𝑎𝑛𝑑 𝐿2-norms for the given image are lowest for Haar wavelet. 

6. Conclusion 

Wavelet transforms in image processing provides localized information of the image. Multiresolution analysis is 

a technique which has flexibility as per requirement of analysis. In wavelet transforms, the image is decomposed 

into four sub-images of one approximated version and three detail version after one level of decomposition. The  

𝐿1 𝑎𝑛𝑑 𝐿2-norms of the approximated version of image represents compactness of the energy. The minimum value 

of  𝐿1 𝑎𝑛𝑑 𝐿2-norms are obtained by Haar wavelet, which indicates that Haar wavelet is the best adaptive wavelet 

for the wavelet analysis of given image.  
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